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Abstract. The Casimir effect for conductors at arbitrary temperatures is 
theoretically studied. By using the analytical properties of the Green functions and 
applying the Abel-Plan formula to Lifshitz's equation, the Casimir force is presented 
as sum of a temperature dependent and vacuum contributions of the fluctuating 
electromagnetic field. The general results are applied to the system consisting of a 
bulk conductor and a thin metal film. It is shown that a characteristic frequency 
of the thermal fluctuations in this system is proportional to the square root of a 
thickness of the metal film. For the case of the sufficiently high temperatures when 
the thermal fluctuations play the main role in the Casimir interaction, this leads to 
the growth of the effective dielectric permittivity of the film and to a disappearance 
of the dependence of Casimir's force on the sample thickness. 
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Introduction 



The theoretical (see, for example, Refs. [Q, pi ||, ||, [|, ^, |7[ ||, [| ) and experimental [jl(| 
O, [ll| study of the Casimir effect has more than fifty years of history. The kernel of 
this phenomenon consists in the fluctuation electromagnetic interaction of uncharged 
bodies. For metals with a high value of the conductivity a, the Casimir interaction 
manifests itself as the attractive force /o which varies as the inverse fourth power of 
the distance a between the plates jjj , 

A— 55* Cr-o.a-00), (i) 

where c is the speed of light and T is the temperature. 

With an increase of the temperature, but under the condition 

kT c 

T « ~> 2 
n a 

an additional term proportional to the fourth power of the temperature appears in 
the Casimir force (see Ref. O] and references therein), 
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This term was derived under an assumption that the thermal equilibrium between the 
matter and the radiation takes place. The additional a-independent attractive force 
between the metal plates arises as a result of the pressure of the thermal radiation 
outside of the plates. Under the inverse inequality, 

kT c . . 

-r- » - 4 

n a 

the Casimir force is completely defined by the temperature and is described by the 
formula 

kT 

with the exponential accuracy. At T = 300 K, the parameter Tic/kT is about 30 /im. 
So, the Casimir force between the bulk metal plates displays a weak temperature 
dependence (Eq. (||)) in the range of the realistic separations a about 0.1 — 1 /im. 

The temperature effects in the Casimir force could be in the forefront if the 
interacting objects are thin metal films. Indeed, formula (|l|) is obtained under an 
assumption that the thickness d of the plates is the greatest parameter with the 
dimension of the length. As was shown in Refs. jl^, [l(|, the asymptotical formula (|I]) 
appears to be invalid for the thin metal plates if the inequality 

d c 

= LU C < UJ p , - (6) 

a a 

is fulfilled. Here u p is the plasma frequency, lo c is the characteristic frequency of the 
fluctuating electromagnetic field. In this case the collective properties of the electron 
subsystem of the metal are important in forming the Casimir force. Specifically, the 
evaluation 

/ocx-M* (T = 0), (7) 
v + uj c ar 

is valid if the metal film of a thickness d with a weak reflecting power interacts with 
the bulk metal (y is the frequency of the electron bulk collisions). The decrease of the 
absolute value of the Casimir force f(T = 0) allows one to emphasize the temperature 
dependence /(T) even in the range of the realistic separations a ~ 0.1 — 1 fim. The 
study of this dependence is a subject of the present paper. 



2. Statement of the problem. The basic equations 

The general formula for the force of Casimir interaction between dielectric slabs 
with arbitrary dielectric constants e was originally derived by E. Lifshitz [^| (see, 
also, Refs. || § g). The Cas imir force is presented in this formula as a 
functional defined on the set of functions e(ico n ) of a discrete variable uj n = 2irnkT 
(n = 0, 1, 2, . . .). We use Lifshitz's formula for the system comprising a bulk conductor 
and a thin metal film of thickness d separated by a distance a. The system of 
coordinates is chosen so that the s-axis is perpendicular to the plane of interacting 
plates. The conductivity of our system as the function of the coordinate x is 

!0, xeS/, i£ 5///, 
a, 16 S H , (8) 
(Too, x G S IV , 
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where 6{x) is the Heaviside function; Sj — (—00, —a — d) and Sm = (—a, 0) are 
vacuum domains; Su = (—a — d, —a) and Siv — (0, 00) are regions occupied by the 
metal film and the bulk conductor, respectively. We do not make specific supposition 
about the conductivity of the bulk conductor because its value does not affect the 
final result. As for the conductivity of the metal film, we take it in the r-approximation 
with the following frequency dependence: 

uj 2 

= —E^. (9) 

V — ltd 

Lifshitz's formula for the Casimir force can be expressed in terms of the 
conductivity (M) of our system, 



f[o] = - kT ^ 1 ^y ^^^ (10) 



n=0 

AM) I 



where Matsubar's conductivity >(u> n ) is related to the frequency dispersion of the 
metal conductivity cr(u>) by the relation, 

^K)=aW; (11) 

r' M ) is the temperature Green function of the electromagnetic field; the prime on the 
sum symbol indicates that the term with n — is taken with half the weight. By 
using the analytical properties of the Green functions and the Abel-Plan formula for 
summing up the series, Eq. ([h]) can be rewritten in the integral form (see Appendix 
A), 



00 "\ 

+2 / dclm [^^r M (r>>)] (e-/- - l)"' . (12) 
J 

The first term in Eq. (12) describes the Casimir force at zeroth temperature and 
is obtained from Eq. ([To]) through the simple change of the summation by integrating 
over the imaginary frequency. The second term provides the temperature-dependent 
contribution to the Casimir force which is suppressed by the small exponential factor 
exp(— Tiuj/kT) at T — > 0. Contrary to the low-temperature case, this term can be 
governing in the force (12) at sufficiently high temperatures. 

In order to simplify the general formula (|o|), we introduce the transverse spatial 
Fourier transformation 

At infinitesimal displacement Sa of the bulk conductor, the conductivity a(x) changes 

by 

Sa(x) = —OocS^Sa. 

Therefore, formula (|l(]) for the Casimir force can be rewritten in the final form, 

00 

„2 00 



(13) 
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where A is the area of slabs. We interpret the limiting process in Eq. ( |13[ ) as one in 
which x and x' tend to the interface from opposite sides, x — > —0 and x' — » +0. The 
formula (13) defines the force acting on the unit area of the bulk conductor from the 
metal film. The positive force corresponds to the repulsion of bodies and the negative 
one to the attraction. 

In terms of " transverse electric" and " transverse magnetic" Green's functions g e 
and g m fl, we have 



lim T^ i f I \x 1 x')= lim 

x,x' — >0 x,x' — >0 



u n g e {x,x') - uj- 1 ( d x — d x ' + 2- ) g m (x,x') 



where g e and g m are denned by 

[-dl + q 2 + ule(x\uj n )]g e (x, x') = S(x - x') 



and 



Here 



-d x 



e(x\u) n ) e(x\bj n ) 
a(x\iw„) 



g m (x.x') = 5{x-x'). 



e(x\uj n ) = 1 + 



(14) 
(15) 

(16) 



is the effective dielectric permittivity of a metal taken at the imaginary frequency. 

Thus, to analyze the temperature dependence of the Casimir force we should solve 
the set of Eqs. ( |l4|), ( fi"5"| ) and substitute the obtained function r£ M ' {x — 0, x' — 
Q\q 2 ,u n ) into Eq.lij). 



3. Temperature dependence of the Casimir force 



While solving the set of Eqs. ([14]) and (|15|), we are interested in Green's functions with 
the argument x' within the region Siv occupied by the bulk conductor. For x' € Siv, 
the general solutions of Eqs. (|lj) and ( [l5|) have the following form: 

g (e,m) = Agkx-Kcx^ g (e,m) = ^ &RX + ^-kx) e -«o=»'. 

gffi = (de kx + C 2 e- kx ) e - K °° x '; 

g \ v = (2/t^)" 1 Lr«<»\*-*\ + re -«oo(x+*'A . 

g? v = e o(2 Ko o)- 1 ( e - K -l—'l + re-"-^)) , 

where 



k = \/ q 2 + uj%, Koo = \J q 2 + too^ 2 , k = vV + eu 2 . 

Determining constants A, -B1.2, Ci^, and r from the boundary conditions to 
Eqs. (U) and @, we obtain for the difference 

r«(a) — Tu(a — > 00) = regl^a) (17) 

the expression 

„ . , 1 2ekdexT>(—2ka) 

Te g r u (a) = -ka^ — PK „ +■■■■ 18 

2 + efca[l — exp(— 2fca)J 
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This formula is derived under inequalities (J^j and 

d < S = c/uj p . (19) 

Dots in Eq. (II]) denote terms of higher order of the small parameter cL/5q. The 
procedure (|l7) of the regularization of the Green function allows us to avoid the 
"surface" divergence in the Casimir force. The divergent term does not depend on 
the separation a between the plates and represents an addition to the renormalized 
Casimir force. According to Eqs. ( [l3l) and (|l8|), the expression for this force is 



f = -kT V efc'rfexp(-2fcoj 



dq 2 s-^ ek 2 dexp(—2kc 
2tT^ 2 + ekd[l - exp(-2fca)] ' 

For Casimir's interaction of sufficiently thin films, the characteristic frequencies of 
the fluctuating electromagnetic field turn out to be much less than the parameter c/a, 

lj c < c/a. (21) 

In this case, one can neglect the relativistic retarding effect and passage to the limit 
c — > oo |^0| . This allows us to assume k = q in Eq. (|2^) for the characteristic 
frequencies and to approximate the Casimir force as 

oo 

f = -^f***«*)e- t P=± (22) 
o 

where x = 2qa is the new variable of integration, symbol I(x) denotes the sum of the 
series, 

I{X) = ^ n n(n + C)+BF(xY (23) 
with the parameters 

^d fiv 
(47r) 2 a' 2tt 

and the function F(x) = x(l — e~ x ). 

In the case (pl|), the temperature-dependent part of the Casimir force can be 
calculated by means of Eq. ( p2| ) without using summation formula (12) for the Casimir 
force. However, the analysis of the spectral integrals in (12) is useful in order to define 
the characteristic frequencies giving the main contribution to the Casimir force /. Let 
us recall that the contribution /o of the vacuum fluctuating electromagnetic field to 
the Casimir force is defined by the spectral density of energy taken at the imaginary 
frequency whereas the contribution Af(T) of the thermal radiation of the system is 
related to the imaginary part of the spectral density at the real frequencies. The force 
fo connected to the vacuum fluctuations is evaluated by Eq. (|5|). It disappears with 
the decrease of the film thickness, d — > 0. 

Now consider the temperature-dependent part of the Casimir force. According to 
Eqs. (12) and (||), we have 

OO CO 



() 



where t = 2tt (3uj. At — > 0, this expression can be approximated as 

oo oo 

Af(T) = - A y dxx 3 e- x J dr(e 27rT - l)-^^ 2 - BF(x)] 




§( x )(>W^-l) . (25) 



The corresponding characteristic frequency uj c — ui p ^Jd/a of the Casimir interaction 
is less than the parameter kT/Ti (J3ui c <C 1) for sufficiently small thicknesses d. In this 
case 

kT 

A/ ^- L2 w- /o + -"' (26) 

where the symbol • • • denote terms of higher order of the smallness. Thus, 

kT 

/(T) = / + A/(T)=-1.2— 3+---. (27) 

Asymptotics ( p7| ) can be shown to be valid at B, C <C 1 as well as for B. 1 « C. In 
terms of the characteristic frequencies these inequalities give 



/ ^j 1 / ^j 1 \ 

lu c < max I — , I . (28) 

If the inverse inequality is fulfilled we get evaluation (Q). 

The surprising things are that formula (^7]) coincides with Eq. (||) for the Casimir 
force of the bulk metals and that f(T) does not disappear even at d — > 0. The 
difference between the cases of the bulk materials and the thin films consists only in 
the inequality defining the high-temperature regime. This is the specific feature of the 
Casimir attraction of the metals. Contrary to the dielectrics, a significant reduction of 
the characteristic frequencies of the thermal fluctuations in a metal film occurs if the 
film thickness decreases. In its turn, this leads to the growth of the effective dielectric 
permittivity ([!(]) of the conductor and, as it follows from Eq. (|f8|), to a disappearance 
of the dependence of temperature Green's function regr on the sample thickness. It is 
precisely this fact that results eventually in the unexpected insensibility of the Casimir 
force to the thickness d in the high-temperature regime (|2§|). 

Using the asymptotics (0) and ( ^7|) , we can obtain the following evaluating formula 
for the Casimir force: 

/oc-( fe T + ^L)i (29) 

It is necessary to keep in mind that Eq. ( p9| ) is obtained under conditions (||) and 
(21) for the frequency uj c and for sufficiently thin films with d satisfying the inequality 
(19). 



4. Discussion 



The theoretical description of the temperature dependence of the Casimir force 
between a bulk conductor and a thin metal film is given in the present paper. In 
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the general case, the Casimir force can be presented as a sum (12) of temperature- 
dependent and a vacuum contributions of fluctuating electromagnetic field. We have 
obtained the surprising result for the situation of reasonably thin films (or reasonably 



high temperatures) Eq. (28). The Casimir force Eq. ( |27| ) has proved to be independent 
of the sample thickness in the main approximation. This fact is characteristic precisely 
for the metals because the Casimir force for dielectric films with a constant value of e 
vanishes at d — ► 0. 

Mathematically, the mentioned above d-independence of the Casimir attraction 
of the metal film in the regime ( j28| ) is connected to the proportionality of the 
characteristic frequency lo c of the thermal fluctuations to the thickness of the film 
and to the significant reduction of oj c with the decrease of d. The appearance of the 
characteristic low-frequency regime in the Casimir attraction of the sufficiently thin 
metal films is physically caused by the strong classical long wavelength fluctuations of 
the conduction current and the plasmic shielding of the electromagnetic modes. These 
peculiarities add to the list of the characteristic features |ll| [T(J of the Casimir effect 
for metals. 

In conclusion, let us emphasize the entropy origin of the Casimir force (|27]) . As it 
follows from (|27|), the free energy of the Casimir interaction has a form 

hT 

T=-l.2—^A. (30) 
167ra 2 v ; 

Hence, the entropy of interaction is 

5 = L2 16^- < 31 > 

Contrary to the free energy and entropy, the energy E of interaction calculated by the 
formula, 

£=^(/3n (32) 
vanishes at d — + 0. 

Appendix A. Summation formula for the Casimir force 

We transform the sum Eq. ( JXO) ) over Matsubar's frequencies ui„ into the "spectral" 
integrals using the Abel-Plan formula for summing up a series, 

lim I F(k) - / dxF(x) I = / dzF(z) (e 2iTrz - l) 1 

"° U =1 9 J 9 

6>+ioc 

+ J dzF{z)(e- 2i7rz -l)" 1 , (Al) 
o 

where the function F(z) is regular in the half-plane Rez > and satisfy the inequality 

\F(x + iy)\ <f(x)e a ^ (a < 2tt); 

the function f(x) is bounded atx— > oo; < < 1. The applicability of the Abel-Plan 
formula (Al) to the expression for Casimir's force ( |l0| ) is ensured by the analytical 
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properties of the conductivity a^ M ^ and of the Green function T^ M ^ in the upper half- 
plane of the complex frequency 17, 18|]. Then, we make the limiting transition — > + 
in Eq. (Al) (0 + is an infinitesimal positive parameter). The final transformations are 
carried out with regard to the formulae 

r^K) = r(iK|), i» = r< M ) + o+) (A2) 

where T is the retarding Green function of the electromagnetic field, and the symmetry 
relations 

<r*(-w) = (7(w), r*(-w) = r(w). (A3) 

As a result, we get Eq. (12) for the Casimir force expressed in terms of the spectral 
integrals. 
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